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A Paradoxical Case in
a Stability Analysis

R. Parties*
Tel-Aviv University, Ramat-Aviv, Israel

IN analyzing elastic systems subjected to compress!ve loads,
it is generally accepted that the load at which instability

occurs decreases as the member increases in length. In the
model investigated below, the opposite is found to be true.
Aside from its academic interest, the implications of the
behavior of the given model may be of some significance, for
example, in the design of prostheses.

Consider the model shown in Fig. la, where El and E'I'
= ct2EI are the flexural rigidities of members AB and BC,
respectively, and where L and cL are the respective lengths.
From stability theory, one might conclude that the axial load
P at which instability occurs decreases for all increasing
values of the parameter c>0. However, as is shown below,
such behavior exists only within a range c0 < c, where c0 is a
constant dependent on a. Paradoxically, for values c < c0 ,
increasing the length of the member increases the buckling
load.

We first consider the simpler case where member BC is
infinitely rigid i.e., £"/'— oo or a-»oo. The resulting neutral
equilibrium position in the deformed state is as shown in Fig.
Ib, where A = v (L) is a small displacement.

The corresponding eigenvalue problem then consists of the
equilibrium equation

d2v(x)
dx2

and the boundary conditions

dx

(1)

(2)
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Fig. 1 Geometry of problem.

where

•=P/EI (3)

Solutions of this boundary-value problem lead to eigen-
values that are the roots of the equation

(4)

It is recognized that, when c = 0, we recover the known
transcendental equation for a member fixed at one end and
hinged at the other, while as c-*oo we obtain the equation
cos/3L = 0, which corresponds to a cantilevered-free end
member subject to an axial load, where the smallest load of
instability is the classical value *

(5)

For the problem at hand, the loads causing instability,
obtained from Eq. (4), are plotted in nondimensional form
P/PE as a function of the parameter c (solid line) in Fig. 2. It
is noted that, as c—0, the value of P approaches zero, whereas
for all c—oo the value P^PE asymptotically. Thus, for in-
creasing lengths of cL, the load P required to cause instability
actually increases; the value c0, as previously defined, is
infinite.

The usual behavior of small values of c now can be
examined more closely. It is evident that, when c = 0 iden-
tically, we obtain from Eq. (4) the classical value!

P=[ir2EI/(0.7L)2]>PE (6)

although Fig. 2 indicates values approaching zero.
The apparent discrepancy may be explained by considering

the graph of Fig. 3, showing the roots of Eq. (4). It is realized
immediately that, for c = 0, the relevant root is given by point
A, whereas for any c>0 the relevant root is represented by the
generic point B, which lies on a different branch. As c—oo,
again j&L—>7r/2, and thus P/PE-* 1, as shown in Fig. 2.

In the preceding analysis, member BC was assumed rigid
for mathematical simplicity. If we return to the problem
where member BC has a finite flexural rigidity E'I' = &2EI,
we obtain, in lieu of Eq. (4), the uncoupled equation

sm(0cL/ct) [tan/3L - (/ + c) 0L] = 0 (7)

The roots of this equation are clearly the same as those
obtained previously from f(/3L) = 0, with additional roots
from the equation

sin(/3cL/a)=0 (8)

which correspond to the instability of member BC considered
as a pin-connected member. The actual load causing in-
stability is then the smaller of the two roots given by Eq. (4) or
(8), depending on the relative geometry and stiffnesses, i.e.,
on the parameters c and a. The nondimensional instabilitiy
loads P/PE are plotted as a function of c in Fig. 2, where the
dashed lines, representing the loads corresponding to the
roots of Eq. (8) for the family of curves of a, are given by

PIP = 4a2 /c2 (9)
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Fig. 2 Buckling load vs length.
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Fig. 3 Roots of Eq. (4).
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Thus it is seen again that, for finite values of a, greater
loads are required for instability for increasing lengths in the
range c<c0, where C0 = c0(a). The solid lines represent the
instability caused by bending of member AB. For values c0
< c, instability occurs due to buckling of member BC, and
thus we arrive again at the classical case where a system of
increasing length buckles under smaller loads.

The preceding results should be taken into account in the
design of members conforming to a system represented by
Fig. 1, where it is seen that increasing the value of c within the
range 0<c<c0 actually may improve design in the context of
stability criteria.
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Technical cmienls
Comment on "Effective Thermal

Property Improves Phase
Change Paint Data''

Alexander H. Flax*
Institute for Defense A nalyses, A rlington, Va.

DRUMMOND et al. l have found "effective" steady-state
thermophysical parameters for materials specimens

representative of thin-wing models based on numerical
analysis employing experimentally determined ther-
mophysical material properties. For homogeneous materials,
their data indicate that a single "effective" parameter that is a
function of surface temperature only and is independent of
heating rate describes the results; For nonhomogeneous
samples the "effective" parameter depends both on surface
temperature and on heating rate. In either case, the "ef-
fective" parameter values are different from those that would
be deduced from the temperature-dependent properties of the
materials measured in steady-state heat conduction tests. The
purpose of this Comment is to show that these results are
consequences of the basic equations of transient heat con-
duction in solids and hence applicable to a much broader
range of temperature, materials, and geometric con-
figurations than represented in the numerical calculations.
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Consider the three-dimensional transient heat conduction
equation in which the thermal conductivity k, and the heat
capacity c, are functions of temperature T:

(1)

where p is the density.
The boundary condition for surface heat transfer given

over the surface is

(2)

where s 'denotes surface, dT/dn is the normal derivative, and
Q is the heating rate, constant over the surface.

The boundary condition (2) and differential equation (1)
may be normalized with respect to heating rate by dividing
through by Q and Q2, respectively. Making the substitutions

= Q2t

leads to the equations

ari a
^ +rd J di
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(3)


